The properties of dark matter admixed strange quark stars are investigated in the Starobinsky model of modified gravity. For quark matter we assume the MIT bag model, while self-interacting dark matter inside the star is modelled as a Bose-Einstein condensate with a polytropic equation of state. We numerically integrate the structure equations in the Einstein frame adopting the twofluid formalism treating the curvature correction term non-perturbatively. Our findings show that strange quark stars (in agreement with current observational constraints) with the highest masses are equally affected by dark matter and modified gravity.
I. INTRODUCTION
The ΛCDM model, although very successful in describing a vast amount of observational data, it suffers from the cosmological constant problems [1] . Therefore, other possibilities have been explored, such as dynamical dark energy models [2] with a time varying equation-ofstate parameter or modified gravity models, e.g. f (R) theories of gravity [3, 4] , where the Ricci scalar R in the Einstein-Hilbert term of General Relativity (GR) is replaced by a generic function. In addition, self-interacting dark matter has been proposed in order to alleviate some apparent conflicts between astrophysical observations and the collisionless dark matter paradigm [5] .
Nowadays the main motivation to study f (R) theories of gravity is to explain the undergoing acceleration of the Universe, however one should investigate the astrophysical implications of this class of theories too. In compact stars [6] , such as white dwarfs and neutron stars, matter is characterized by ultra high densities, and therefore they are excellent natural laboratories to study modified theories of gravity, since the extreme conditions they offer us cannot be reached in Earth-based experiments. Based on theoretical arguments a new class of compact objects has been postulated to exist -strange quark stars. There are some hints that such objects can exist in nature, and even explain the recent observations of super-luminous supernovae [7, 8] . This type of supernovae events occurs about one out of every 1000 supernovae explosions, and are more than 100 times brighter than normal supernovae. One plausible explanation for the formation of strange quark star is that neutrons are further compressed so that a new object made of deconfined quarks is formed [9, 10] . This new compact star has a much more stable matter configuration than a regular neutron star. Its formation could explain the origin of the huge amount of energy released in super-luminous supernovae.
Equally, it was shown recently that compact stars made entirely of self-interacting dark matter may also exist [11] . In that work bosonic dark matter with a short-range repulsive potential was modelled inside the star as a Bose-Einstein condensate. In this scenario a polytropic equation-of-state of the form P χ (ǫ χ ) = K χ ǫ 2 χ was derived [11, 12] , where the constant K χ was found to be K χ = 2πl χ /m 3 χ , with m χ being the mass of the dark matter particle, while l χ is the scattering length that determines the dark matter self-interaction cross section σ χ = 4πl 2 χ . Although dark matter (DM) may not interact directly with ordinary matter, it can have significant gravitational effects. Although the properties of dark matter inside stars have been studied in a large amount of literature [i.e., [13] [14] [15] [16] [17] [18] [19] [20] , the nature and origin of DM still remains a mystery, constituting one of the biggest challenges in modern theoretical cosmology. The properties of compact stars made of ordinary matter admixed with condensed dark matter have been studied in [21] [22] [23] [24] , and similarly admixed with fermionic matter in [25] [26] [27] [28] [29] .
Although at first it was pointed out that f (R) theories of gravity are unacceptable since they cannot support interior solutions of relativistic stars [30] , it was shown later that it is the properties of the trace of the matter energy-momentum tensor that determines whether relativistic stars exist or not [31] . It is the goal of the present work to study condensed DM admixed strange quark stars in f (R) theories of gravity, and in particular in the well motivated Starobinsky model f (R) = R+aR 2 , i.e., a quadratic correction to the Einstein-Hilbert term [32] . Relativistic stars in f (R) theories of gravity, and in particular in the Starobinsky model, have also been studied in [33] [34] [35] [36] [37] [38] [39] . This study will help us to have some insight on how a strange DM star evolves in a f (R) theory of gravity. During the process we will gain a better understating how DM interacts within a modified field of gravity.
Our work is organized as follows: In the next section we present the model as well as the observational constraints, while in section 3 we present the structure equations, which are integrated numerically, and we discuss our numerical results. We finish concluding our work in the last section.
II. THEORETICAL FRAMEWORK

A. Alternative theory of gravity
The model in the so-called Jordan frame is described by the action
where G is Newton's constant, g µν is the metric tensor, R is the Ricci scalar, and S M is the matter action that depends on the metric tensor and the matter fields ψ i .
In the following we shall be considering the Starobinsky model f (R) = R + aR 2 [32] , where a is the only free parameter of the gravitational theory, and clearly the a = 0 case corresponds to GR. The parameter a has dimensions [mass] −2 , and therefore it can be written also in the form a = 1/M 2 , where now the mass scale M is the free parameter of the theory. From a theoretical point of view the R-squared gravity is well-motivated, since higher order in R terms are natural in Lovelock theory [40] , and also higher order curvature corrections appear in the lowenergy effective equations of Superstring Theory [41] .
As usual we choose to work in the Einstein frame by performing a conformal transformation [36-38, 42, 43] 
where A = e −φ/ √ 3 , and where the action takes the equivalent form [36] [37] [38] [39] 42 , 43]
Clearly the system looks like GR with an extra scalar field with a self-interaction potential V given by [37, 38, 42 ]
Expanding in powers of φ it is easy to see that the mass of the scalar field is given by m 2 φ = 1/(6a) = M 2 /6, and therefore to avoid tachyonic instabilities m 2 φ < 0, we require a > 0.
Varying with respect to the metric tensor and the scalar field one obtains Einstein's field equations as well as the Klein-Gordon equatioñ
where T φ µν is the stress-energy tensor corresponding to the scalar field, ", φ" denotes differentiation with respect to the scalar field, while due to the conformal transformation there is a direct coupling between matter and the scalar field with the coupling constant being α = −1/ √ 3 [36] [37] [38] [39] . The matter energy-momentum tensor T µν in the Jordan frame andT µν in the Einstein frame are related via [36] T µν = A 2 T µν , and in particular in the case of a perfect fluid the energy densities and the pressures in the two frames are related viaǫ = A 4 ǫ and [36]P = A 4 P , where the tilde indicates the Einstein frame.
B. Equations of state
For ordinary quark matter we shall consider the simplest equation of state corresponding to a relativistic gas of de-confined quarks, known also as the MIT bag model [44] [45] [46] 
and the bag constant has been taken to be B 1/4 = 148M eV [47] . Although refinements of the bag model exist in the literature [48] [49] [50] (for the present state-ofthe-art see the recent paper [51] ), the above analytical expression "radiation plus constant" has been employed in recent works, both in GR [52] , where it was shown that the observed value of the cosmological constant Λ ∼ (10 −33 eV ) 2 is too small to have an effect, and in R-squared gravity [37, 39] . Therefore, despite its simplicity, we will consider the MIT bag model in the present work, since it suffices for our purposes, and we will take the cosmological constant to be zero.
For the condensed DM we shall consider the equation of state obtained in [11] , namely P χ = K χ ǫ 2 χ , where the constant K χ = 2πl χ /m 3 χ is given in terms of the mass of the dark matter particles m χ and the scattering length l χ . In a dilute and cold gas only the binary collisions at low energy are relevant, and these collisions are characterized by the s-wave scattering length l χ independently of the form of the two-body potential [11] . Therefore we can consider a short range repulsive delta-potential of the form V ( r 1 − r 2 ) = (4πl χ /m χ )δ (3) ( r 1 − r 2 ), which implies a dark matter self interaction cross section of the form σ χ = 4πl 2 χ [11, 12] .
Since a light scalar field can mediate a long range attractive force, one expects modifications to the Newtonian potential 1/r. Therefore, the mass of the scalar field must be sufficiently high in order to be compatible with solar system tests. The expression of the Post-Newtonian parameter γ, which has been measured by the Cassini mission, in f (R) theories of gravity was obtained in [53] . [5, [55] [56] [57] , and here we apply the bounds 0.45
By fixing l χ = 1f m the above condition implies the following range for the mass of the dark matter particle 0.05 GeV < m χ < 0.16 GeV , and thus the lowest and highest values of K χ are determined by the relation K χ = 2πl χ /m 
where m pl = 1.22 × 10 22 GeV is the Planck mass.
(b) regarding the DM equation-of-state K χ values that respect the limits on the self-interaction cross section, i.e.,
where now the constant K χ is given in units of the bag constant.
The values of the a parameter considered here are also compatible with observations regarding the emission of gravitational radiation from binary systems. The calculation in the framework of GR can be found in [58, 59] , while for a similar calculation in the framework of f (R) theories of gravity see [60] [61] [62] . 
III. NUMERICAL RESULTS
Seeking static spherically symmetric solutions of the form
where P and ǫ are the pressure and the energy density respectively of a single fluid. Clearly when the scalar field is absent one recovers the usual Tolman-OppenheimerVolkoff equations [63, 64] . The system of coupled equations is supplemented with the initial conditions at the center of the star (r = 0): ǫ(0) = ǫ c , λ(0) = 0 φ(0) = φ c and dφ/dr(0) = 0, where ǫ c and φ c are the central values of the DM energy density and of the scalar field respectively, and the last condition ensures the regularity of the scalar field. In principle one could handle the problem in perturbations theory, assuming that the parameter a is small and therefore the higher order term in R just perturbs the GR solution. However, it was shown in [36] that in dealing with relativistic stars an analysis based on perturbation theory does not provide us with reliable results, and therefore in the present work we shall treat the problem exactly, i.e. non-perturbatively. We wish to stress the fact that contrary to ǫ c , φ c is not an arbitrary initial value but it must be determined self-consistently. In the exterior problem solution all three quantities P = ǫ = φ = 0 are zero, and therefore when we consider the interior problem solution we must require that both the dark matter energy density and the scalar field vanish on the surface of the star radius (r = R * ): ǫ(R * ) = 0 and φ(R * ) = 0, which clearly is not possible for any φ c . Therefore fixing the numerical values of the parameters a, K, ǫ c , the scalar field central value φ c is determined requiring that φ and ǫ vanish simultaneously at the surface of the star. As usual the radius of the star R * is determined by the condition P (R * ) = 0, while the mass of the star M * is given by M * = m(R * ), where the new function m(r) is defined as follows
Finally, if inside the star there two fluids without direct interaction, we need to work in the two-fluid formalism [65, 66] , according to which in the first 3 equation above P (≡ P s + P χ ) and ǫ (≡ ǫ s + ǫ χ ) are the total pressure and the total energy density respectively, while there is a set of equations:
one for each fluid separately (i = s, χ). In this case in order to integrate the structure equations we need to specify the central values both for ordinary quark matter and for dark matter P s (0) and P χ (0) respectively. So in the following a certain DM scenario is defined by both the constant K χ = 2πl χ /m 3 χ and the dark matter fraction
Figures 1-6 summarize our numerical results. Figure 1 shows the mass-to-radio profile of a DM admixed strange Figure 3 shows the scalar field φ versus the star's dimensionless radius r/R * , while figure 4 and 5 show the metric functions and the normalized pressure P/B of the fluids, respectively, as a function of the star's dimensionless radius r/R * for the same DM scenario (K χ = 150/B and f χ = 0.05), central total pressure P (0) = B, and for a = 5 × 10 76 , 3 × 10 77 , 10 78 (or 0.36% of DM). Varying a does not have any effect on the pressure and metric (cf. Figures 5 and 4 ), but it has some impact on the solution for the scalar field (cf. Figure 3) . Finally, the last figure shows the mass-to-radius profiles for two DM models, namely model A with K χ = 4/B and f χ = 0.09, and model B with K χ = 150/B and f χ = 0.05, both in GR (a = 0) and in Starobinsky's model for a = 10 77 ). In all 3 figures showing the mass-to radius profiles, the difference compared to the standard curve corresponding to GR without DM appears in the upper part of the curves for star masses higher than at least one solar mass.
Our numerical results indicate that alternative f (R)− theory of gravity or the presence of DM inside the star predict very similar mass-to-radius profiles. Bosonic DM, however, can give potential signatures that can never occur in modified theories of gravity. For example, in particle physics models with a rich Higgs sector with both neutral and charged Higgs bosons, two DM particles can annihilate to a pair of photons via loop Feynman diagrams in which charged Higgs bosons circulate, see e.g. [67] . These monochromatic gamma rays could be detected by the Fermi telescope [68]. 
IV. CONCLUSIONS
The properties of DM admixed strange quark stars in the Starobinsky model f (R) = R+aR 2 have been investigated, and the structure equations have benn integrated numerically to produce the mass-to-radius profiles for the relativistic compact stars. Dark matter is assumed to be bosonic and self-interacting characterized by a DM particle mass m χ and a scattering length l χ , and it is modelled inside the star as a Bose-Einstein condensate leading to a polytropic EoS. We have assumed that ordinary quark matter and DM interact only gravitationally, we have adopted the two-fluid formalism in the Einstein frame, and we have treated the higher order in R term non-perturbatively. Considering values of a, m χ , l χ compatible with current data, we have investigated the effect on the properties of the stars, such as total pressure, scalar field solution and mass-to-radius profiles, of the amount of DM as well as the higher order in R term. We found that for strange stars the impact of condensed admixed bosonic dark matter and f (R) modified gravity affect equally the higher masses of compact stars. This result shows that known observational effects of gravity observed in the Universe could be equally attributed to a modified gravity or dark matter particles.
